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Analysis and Nonlinear Control of Galerkin Models Using Averaging
and Center Manifold Theory

Cosku Kasnakoglu and Andrea Serrani

Abstract—In this paper, nonlinear control systems whose
dynamics are quadratic with respect to state, and bilinear with
respect to state and input, which exhibit an oscillation caused
by a stable limit cycle for zero input are studied. The effect of
linear control on this model is analyzed using modal forms
and center manifold theory. It is found that the oscillation
amplitude depends both on terms linear in the control and
those that depend on the center manifold. To exploit the latter,
a nonlinear control law is proposed. The closed loop system is
simplified using a time varying periodic change of coordinates,
time scaling, and averaging. Using center manifold theory,
conditions governing the number and stability type of the limit
cycles, and analytical expressions for the oscillation amplitude
are derived. The results are verified using a finite dimensional
cavity flow model as an example.

Index Terms— Galerkin projection, proper orthogonal de-
composition, center manifold theory, averaging theory, reduced
order modeling, cavity flow control, Navier-Stokes equation

I. INTRODUCTION

Systems in many areas and applications are described by
dynamics which are quadratic with respect to the state and
bilinear with respect to the input and the state. A system
model of this type is the Galerkin model, which has been
utilized extensively in the field of flow control, e.g. [9], [13],
[3]. The work presented here deals with the simplification,
analysis and control of a system described by a Galerkin
model, by means of center manifold theory [14], which is
an important tool in nonlinear system theory. Work using
center manifold theory includes [1], [7], [2].

The goal of this paper is to start with a Galerkin model,
which is a representative of a class of systems that frequently
arise in flow control problems, and apply center manifold
theory, together with averaging, for the analysis, simplifi-
cation and control of this model. The paper is organized as
follows: The description of the problem is given in Section II.
Classical linear control approach to the problem is analyzed
in Section III, followed by model reduction, nonlinear control
design and analysis in Section IV. The results are applied to
a cavity flow control problem in Section V and numerical
simulation results are presented in Section VI. Conclusions
and future work are given in Section VIIL
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II. PROBLEM DESCRIPTION

Consider the following N-dimensional nonlinear control
system

N N N
ai =Y _lija;+ Y ggrajax+ [ i+ sia; |u (1)
= Jk=1 i=0

with ¢ = 1... N. System (1) can be expressed in compact
form as

a=La+Q(a)+ (R+ Sa)u

where a = {a;}Y, e RN, u e R, L = {lij}f\’/jzl € RV*N,
Qa) = {a"Qia}L, € RN, Qi = {qija}ly—, € RV*N,
R={ri}iL, € RN and S = {s;;}},_; € RV*V,

Assumption 1. System (1), when u = 0, has a stable limit
cycle. Furthermore, it exhibits a locally oscillatory behavior
described by the eigenvalue spectrum of L as spec(L) =
{0 + jw,0 — jw,=A1,--+ ,—AN} where 0 > 0, w > 0,
Ai > 0 and \; # \; for i # j. This structure will always be
preserved, even in closed loop.

Using a non-singular transformation, system (1) can be
represented in modal coordinates as

n=Fn+ei1(n,¢) + (G1+7(n,¢)u

C=Fm+p2(n,¢) + (G2 +72(n, ))u 2)
where
G
L] & |l
(N—2
and Fy = diag(—M\1, - ,—An). Also G; € R?, Gy €

RY=2 and 1,7 : R2 x R¥"2 — R? and 5,7, : R? x
RN=2 — RN=2 are continuously differentiable functions
which vanish at the origin together with their first derivatives.

Model (2) represents a class of systems obtained when one
considers a reduced order model for flow control problems

(e.g. [91, [11], [12], [10]).
III. ANALYSIS FOR LINEAR PART OF CONTROL

For the sake of simplicity, without loss of generality, the
analysis will be restricted to the case N = 4; it should be
clear how to extend the results in case there are additional
stable modes. Consider a control law of the form

u = Kn+K(n)
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where K(n) = O( +n3) = O(p®). being p = /i + n3
and 6 = arctan(rne/71) the polar coordinate representation
of 7. The closed loop system under the given control law is

given by

n o= (F1+GiK)n+ o0, +7nmn OKn
+(G1+71(n,€))K(n)
¢ = Fl(+G2En+¢1n,¢) +2n,Kn
+(G2 + v2(n, €)) K (n) 3)
where
oc+g11K1 —w+g11K>
F1 + GlK - 9
wHgi2K1 o+ g12K>
Gy = g11 Gy = g21
g12 |’ 922
and K = [K; Kj3]. Transforming the above system into

modal form yields

o= F(K)n+2in,¢ K)

C = F2<+(i)2(n7CaK) (4)
where

A _ | o(K) —w(K)

B = GK) oK)

and @1, D5 : R? x R? x R — RR2 collect the nonlinear terms.
In addition

ag —|— 1/29172K2 + 1/2g1,1K1

1

w(K) = 5(—91%,2K22 —2g12K2011 K1 — g7 1 Ki?
+4w2 — 4wgl71K2 —|— 4g1,2K1w)1/2 .

Regarding & as a state obeying a trivial dynamics, it is
possible to apply center manifold theory to analyze the local
behavior of the trajectories of the system in (4). Converting
the system to polar coordinates p = &p + O(p?), one can
approximate the center manifold as an expansion of the form
¢ = h(p,5) = a1 (K)p? + aa(K)5? + asz(K)ps + O(3).
Substituting this into the homology equation

5 (0:9) (39 + O() = Fahlp.o) + B(p,6.h(p, ). K)
and solving for «; yields g = a3 = 0. Thus an approxi-
mation of the least nontrivial order for the center manifold
is of the form ¢ = h(p) = a1(K)p? + h.o.t.; making
this substitution and transforming into polar coordinates one
obtains the reduced dynamics

p = (6(K)—a(K)p®)p+h.o.t.
0 = w+B(K)p?>+ho.t. (5)

where @(K) and (3(K) are parameters depending on the
center manifold and h.o.t. stands for ‘higher order terms’.
The fact that 5(0) > 0 and &(0) > 0 follow from the
Assumption 1. From (5) one sees that, if 6(X) < 0 and
a(K) > 0, then p = 0 is asymptotically stable. If 6(K) < 0
and @(K') < 0 then p = 0 is unstable and the system also has
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an unstable limit cycle. If 6(K) > 0 and a(K) < 0 then
p = 0 is unstable and the system has no limit cycle. The
interesting case is when we have 5(K) > 0 and a(K) > 0;
for this case p = 0 is unstable and the system has a stable
oscillation, with amplitude and frequency

7(K)
a(K)

Recall that 5’(K) =0+ 1/2 9272K2 + 1/2 ngKl and O_Z(K)
depends on the center manifold. One sees from (6) that
there are two ways of decreasing p* by feedback: the first
is to decrease 5(K) by means of K, and the second is to
increase &(K). For the former way, some examples of flow
control are [8], [11], [15], [4]. The goal of this paper is to
explore the latter way, and provide an analysis on the effect
of the nonlinear part of the control. Towards this goal, first
averaging theory [6] will be used to simplify the system and
obtain more structure to exploit in the analysis.

W' =w+ p(K) (6)

IV. MODEL REDUCTION AND ANALYSIS FOR
THE NONLINEAR PART

For the system in (2), consider a parametrized family of
control laws of the form u(n, K), where u is smooth, with

u(0,K) = 0 and g—f]‘ = (. The closed loop system is

. n=0
written as
n = Fin+ei(n,Q)
+(G1 + v (n, O)u(K,m) =: f(n,()
¢ = F(+92(nQ)

+H(Ga +72(n, O)u(E,n) = fc(n,¢)  (7)

Define a time-varying periodic change of coordinates 1V =
R(¥)n where

R(Y) = {

and w, is the frequency of oscillation of the limit cycle, as
given by w* in (6). Notice that in the above ¥ can be inter-
preted as a new time scale. Using the above transformation
one gets

i = RW) f,(RT(9)n”,¢) + RW)RT (9)n” =: £7(9,n”,¢)
é = fC(RT(ﬁ)nﬂ?C) = fg(ﬁvnﬂ?g) . (8)

Note that one can also view this change of coordinates
as approximating the solution with its first harmonic, with
time-varying coefficients, and then looking at the dynamics
of these coefficients. This is indeed closely related to the
Krylov-Bogoliubov averaging (see [5] for details). Let € =

w; ! and write

sin ¥
cos

cos

—sind ] V= wet

d19

= e’

d19

% = @0 ¢") ©

Note that f and f{ are bounded with respect to ¢ and e
since these only appear in sin and cos functions. Viewing ¢
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as the new time variable one can average over ¥ € [0, 27]
with states (77,() as

dii’ e [Ty g 9 (0 F
Y = % 0 fn (7‘9777 7() di =: efn,avg(n 7C)
dc¢ e [T g = g =
@ = %/0 fg(19777197<.) di =: efgavg(nﬁag)

which, switching back to the original coordinates and time
scale, and dropping bars for ease of notation, yields an
averaged system for (7, () the form

7? = fn,avg(ﬂao
¢ = f(,avg(nag)~

Remember that f;, ., and f, .ve above depend on the input
u(n, K) implicitly.

As mentioned in the previous section, the goal is to single
out the effect of the linear part of the control, i.e. in the
dynamics for 1 above it is desirable for the input to enter
only nonlinearly. It can be shown that any phase invariant
control, i.e. one of the form u = wu(p, K') will achieve this
effect, resulting in an averaged dynamics of the form:

N

([ ]+ [20 s
where

Oy (1, () = [ 1+ dramle + da1m2lt + Pa2m2Co }
Lt | —P21m1C1 — 221 Q2 + P11712C1 + P12m2(2

Bo(1,C) = [ d31(nf 4+ 05) + ¢32CF + D33C5 + $34C1Ca ]
2T | Ga1 (07 +13) 4 042CF + D43C5 + P4aC1Co

[ b
By=| " |, gi(n) =
b22

| 93161 + g32€2
92(0) = | 941C2 + g42C2 }

(10)

g11m + gi2m2
—gi2m +gune |’

The open forms of the parameters above can be found in [5].
The input shall be fixed to be u = K p? from this point on'.
If one represents the above in polar coordinates, i.e. p =

V17 +n3 and 6 = arctan(nz/n1) one gets

po= (0+¢11C +d126+911Kp?) p
0 = w— 2101 — 220 — g12Kp?
G = MG+ 03466 + d326° + 93307 + b3,10
+ (b1 + g3.1C1 + g3.2C2) K p?
G = Xl + 044GG + 1207 + $a 30" + darp’

+ (b2.2 + 94.1C1 + ga.2C2) K p? (12)

1A few comments on this input selection: First of all, note that it would
not have been possible to use u = K p instead, since this is not smooth at
n = 0. Second, it is also possible to obtain the above form using a phase
dependent control, i.e. one that includes 6: It is possible to show that, for
a control of the form u = S K p? sin(%@), the equations for the averaged
system will be identical to those in (11).
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From (12), treating o as a state with trivial dynamics, one
can write

MR-

)
)
A R I N1 b R

where 1 = [p11 @i2]” and w2 = [pa1 @22]” encap-
sulate the nonlinear terms in (12). Clearly 4(0,0,0) =
©2(0,0,0) = 0. Hence for system (13) there exists a center

manifold, ¢ = (o, p), where ¢ = [(; (2]7, satisfying

i

0 _ _ _
37<p12(07 p,C(a,p)) = —=AiCi(o, p) + p2i(0, p, Ci(o, p)) (14)

for 1 = 1,2, to which the dynamics of the system (13) will
be locally attracted [14].

The differential equations in (14) are too complicated to
be solved directly, so one needs to look for an approximation
of the form

Gilp,o) = cio(o) +cin(o)p+cia(o)p® + cia(o)p’
+cialo)p* +O(p°) (15)

subject to conditions ¢; ¢(0) = 0, ¢; 1(0) = 0, so as to satisfy
the center manifold requirements ¢;(0,0) = 0, D(;(0,0) =
0, for ¢+ = 1,2. Substituting (15) into (14) and solving for
the coefficients gives:

cto = 0,¢c0=0,¢c1=0,c1=0
20’Kb2,1 + 20'(25371 + )\gKbg,l + )\2(,25371

“z = 402 120 da 4200 + Mo

. _ 20Kbaa+20¢s1 + AN Kbyo+ Aiga
22T 402 +20 N+ 200 + Mo

c13 = 0, ¢c3=0

c1a = [Aac22032K + Aaci 2931 K + Aacaaci 234

—2MXac1 201,222 — 2 A2C1 2011 K
+docoacioPsa+40ca2932K +40ci 2931 K
—80c1a019c02 — 8010911 K —80 ¢y 1¢10°
+4oc1 P32 +40 22 P33 — 2 X001 101,07
+A2c1 22032 + Aac2 2’ B3 3]
J[4oXa+4 X0+ MAg + 1607

24 = [Mc22ciodaa —2Aic22011 K — 2 ica01,1¢12
+4oci 2041 K +40c22922K +40ca2C12044
80011 K —80cappi,1c1,2 + Aic12941 K
+A1co2012K +40co0’Pus +40ci0%Pan
+>\1€2,22¢4,3 + >\1€1,22¢4,2 - 8U¢1,2C2,22
—2 \16h1,2¢2.27]
JAo X +4 Mo+ M)A+ 1602] .

If one fully expands, simplifies and collects terms, a
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structure of following form is obtained

cle = p1,21+ 122K

Co2 = 221+ p222K

cra = piaa+prasK +pnasK?

Coa = poa1+ p2a2K +ppasK? (16)

Substituting equations (16) into (15) and then substituting
this into (12) and collecting terms gives

p = (0+dip*+dap*)p (17)
where
di = ¢12(p221+ p222K) + 11 (H1,21 + p12,2K)
dy = ¢11 (M1,4,1 + Kpa0 + K2,u1,4,3)
1,2 (2,00 + Kpoap + K pioas) (18)

In (17) the positive roots {p1,p2} of the polynomial o +
d1p? + dyp* are

[ —dy £ /@~ Adyo
{pl’p2}_\/ 2d2

The roots of (19) will now be analyzed based on the signs of
dy and ds: First recall that ¢ > 0. Next note that it is required
to have d? —4ody > 0 to have any real roots. Assuming this
is the case from now on:

If it is the case that do > 0, in order to have real roots
for (19) then it is required that —d; &+ /d3 — 40dy > 0.
If d; > 0, then —d; — /d? — 40dy > 0 is impossible and
to have —dy + +/d? — 4ody > 0 it is required that dy < 0
which is also not true for this particular case; hence dy <
0, d1 > 0 case gives no real solutions. If d; < 0, then —d; +
/3 —4ody > 0 is clearly true, and —d; — /d? — 40dy >
0 is also true since dy > 0 for this case. Hence for the
dy < 0, di < 0 case there are two real solutions.

If it is the case that dy < 0, in order to have real roots
for (19) it is required that —d; £+ d% —4dody < 0. If dq >
0, then —d; + \/d? —4ody < 0 cannot hold as dy > 0.
However —d; — \/d% —4ody < 0 is true so for this case
there is a single real solution. for the d; < 0, d; > 0 case.
If dy <0, then —dy + \/d? — dods < 0 is false but —d; —
\/d3 —4ody < 0 is true for this case, so there is also one
real solution for the do < 0, d; < 0. Combining the two
cases the conclusion is that there exists a single solution for
dy < 0.

19)

V. EXAMPLE

The Galerkin model is widely used in flow control as a
reduced order model describing the dynamics of the flow.
An interesting case is the control of the air flow over a
cavity using an synthetic-like jet actuator, which is typically
an acoustic actuator (see Figure 1).

In deriving a reduced order model for the cavity flow
process, one starts with the incompressible Navier-Stokes
equation that describes the dynamics of the cavity flow
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Fig. 1. Control of air flow over a cavity using an acoustic actuator.

subject to the some boundary conditions in which the system
input is embedded. Here u(z, ) is the velocity field, p is the
pressure and Re is the Reynolds number. One then obtains
a set of POD modes for the system; let these modes be
modes {u;(z)}X,. These POD modes are orthonormal i.e.
(us, uj)o = 0;; where ) is the spatial flow domain, and the
inner product is defined as (u,v) := [,u-vdV.

Projecting the velocity vector u onto these modes one
obtains the POD expansion as:

N
u(z,t) ~ ulV = o (x) + Z a;(t)u;(z) (1)
i=1
where the coefficients a;(t) capture time dependence.

The next step is the Galerkin Projection (GP) where (21)
is substituted into (20) to obtain the dynamics in terms of
the time coefficients {a;(t)}Y,, followed by a shift by the
equilibrium point as, i.e. @ = a — as, to obtain

1 N N N
a; = ﬁ E lijd]' + E GijkQiar + | 7 + E si5a5 | u
i=1 Jk=1 i=0

where l;;, qijr, 7; and s;; are the Galerkin system coeffi-
cients. Comparing this to (1) one sees that the system is
now of the form that was analyzed in this paper. Hence
for a control of the form u = Kp?, the corresponding
reduced system is of the form (17). For numerical simulation,
parameter values from the cavity flow experimental setup
descried in [15] will be used. Using these values to compute
dy and dy from (18)

dy = —5.0579 107*K — 0.0876
dy = —7.4279 1078 K? — 1.0121 107* — 0.0149

and from the above equations, the discriminant can be
computed as

d? —4ody = 3.1053 107" K? + 1.6316 10~ *K + 0.0187

Carrying out an analysis similar to that in the previous
section, one concludes that, there will be no positive real so-
lutions for K € (—1194.3, —168.3783), one positive real so-
lution for K € (—o0, —1194.3) U (—168.2720, c0), and two
positive real solutions for K € (—168.3783, —168.2720).
Figure 2 shows the change of the oscillation amplitude
p* versus the controller gain K, for control u = Kp?,

1 in the range K € [—1000,1000]. The graph is computed
du+V-(uu) = -Vp+ Re Au (20)  pased on the center manifold analysis above. In this range
3038
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~1000 -500 0 500 1000 1500 2000
K

Fig. 2. Steady state oscillation amplitude p* vs. controller gain K

Averaged Galerkin System

(b) Averaged

Fig. 3. The original and averaged Galerkin systems with no control.

for K, one can observe that the positive values of K
decrease p* whereas positive values increase it up until
around K ~ —200 after which the system does not have
a stable oscillation.

VI. SIMULATION RESULTS

To illustrate the validity of the analysis done in the preced-
ing sections and to compare how well the averaged reduced
system approximates the original Galerkin system, a number
of MATLAB simulations were performed on the original
(finite-dimensional) Galerkin system as well as the averaged
Galerkin system. As mentioned in the previous section we
used the parameters from the cavity flow experimental setup
in [15].
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Original Galerkin System K=500
T T
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(b) Averaged

Fig. 4. The original and averaged Galerkin systems with control v = K p?
where K = 500.

(a) Original

Averaged Galerkin System K=-100
T

i

(b) Averaged

Fig. 5. The original and averaged Galerkin systems with control v = K p?
where K = —100.
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inal Galerkin System K=-200
T

(a) Original

Averaged Galerkin System K=-200

(b) Averaged

Fig. 6. The original and averaged Galerkin systems with control u = K p?
where K = —200.

Figure 3 shows the simulation results for the original and
averaged system in the open loop. The system eventually
sustains an oscillation of amplitude around 1, which is
consistent with what is predicted by the center manifold
analysis in figure 2.

Figures 4 shows the simulation results for the original and
averaged system for control u = Kp? with K = 500. One
observes that the system still has a stable oscillation but the
amplitude of oscillation is reduced to around 0.6-0.7, which
is also consistent with the center manifold analysis in figure
2.

Figures 5 shows the simulation results for the original and
averaged system for control u = Kp? with K = —100.
One observes that the oscillation amplitude now increased
to around 1.5. This sort of behavior was also predicted by
the center manifold analysis, as can bee seen in figure 2.

VII. CONCLUSIONS AND FUTURE WORK

In this paper, a nonlinear control system whose dynamics
is described by a Galerkin model was studied. An analysis on
the effect of linear control was performed using modal forms
and center manifold theory. To analyze the effect of nonlinear
control a simplification of the system model was performed
using a time varying periodic change of coordinates, a time
scaling, and averaging. It was shown that for certain types
of control, this procedure yields a much simpler system with
much more apparent structure than the original. The averaged
system was further simplified using center manifold theory,
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after which it was possible to obtain conditions governing
the number and stability type of the limit cycles of the
closed loop system, and to derive analytical expressions for
the amplitude of oscillation. The results obtained in the
study were tested and verified using the cavity flow control
problem as an example, whose dynamics can be described
by a Galerkin model of the type considered here.

Future directions include: expanding the results to other
families of control laws, observer design for the Galerkin
model, and verifying the results on an actual cavity flow
experimental setup.
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